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ABSTRACT. In this paper a classifying structure for the class of essentially
n-normal operators on a separable Hilbert space is introduced, and various
invariance properties of this classifying structure are studied. The notion of
a hypoconvex subset of the algebra 9, of all complex n X n matrices is
defined, and it is shown that the set of all equivalence classes of essentially
n-normal operators (under a natural equivalence relation), whose reducing
essential n X n matricial spectrum is a given hypoconvex set, forms an
abelian group. It is also shown that this correspondence between hypocon-
vex subsets of 9N, and abelian groups is a homotopy invariant, covariant
functor. This result is then used to prove that Toeplitz operators (on strongly
pseudoconvex domains) which have homotopic continuous matricial sym-
bols, are unitarily equivalent up to compact perturbation.

1. Introduction. This paper contains the detailed account of some results
already announced in [30] and some further progress that we have made since
the publication of that announcement. Our interest in the subject arose from
the celebrated paper [10], and in [29] we started a program leading to
generalizations of the various important concepts and fruitful ideas contained
in [10]. In [26], [27] and [30] we continued our program with a more concrete
purpose (see also [13]): to try to obtain a complete set of invariants for the
class of essentially n-normal operators on separable Hilbert space up to a
reasonable equivalence relation. The present paper might be regarded as a
further step toward this goal.

Let 9C be a separable, infinite dimensional, complex Hilbert space and let
£(9C) denote the algebra of all (bounded, linear) operators on JC. Let H(IC)
denote the (closed) ideal of all compact operators on JC, and let =g
£(I) > 2(I) denote the canonical homomorphism onto the quotient
(Calkin) algebra 2(3C) = £(I)/ K () (when no confusion arises we will
drop the subindex JC of 7).
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DEerFmNITION 1.1. Two operators T and S in £(J() are said to be strongly
equivalent, and we write T ~, S, if there exists a unitary operator U in £(3()
such that U*TU — S € H (). On the other hand, T and S are said to be
weakly equivalent, and we write T ~ S, if there exists W in £(J(), such that
W is unitary in 2(3C) and W*TW — § € H(IC) (see [28]).

These natural equivalence relations on £(J() were first introduced in [10,
Corollary 4.4] where it was proved that for the class of operators with
compact self-commutators (i.e. essentially normal operators) these two no-
tions coincide. Furthermore, in [10, Theorem 4.3] it was shown that if two
countable families of essentially commuting essentially normal operators are
simultaneously weakly equivalent (that is with the same essentially unitary
operator), then they are simultaneously strongly equivalent (i.e. with the same
unitary operator). An extension of this result will be given in Lemma 3.3.

DEFINITION 1.2. An operator T in £(J() will be called n-normal if there
exists a unitary transformation U: I — I ® C* such that the operator
UTU* in £(H ®C") (= £(H) ® 9M,) is an n X n operator matrix with
commuting normal entries. Hereafter, C* denotes the standard n-dimensional
complex vector space and 9, denotes the algebra of all complex n X n
matrices (which will be identified with £(C")). An operator T in £(JIC) will be
called essentially n-normal if there exists a unitary transformation U: ¥ —
I ® C” such that 74 e ~(UTU*) is an n X n matrix with commuting normal
entries in 2(3C).

REMARK 1.3. As we shall see in §4, essentially n-normal operators arise
naturally in the theory of generalized Toeplitz operators on strongly pseudo-
convex domains. In [28] it was shown that two essentially binormal operators
in £(9C) may be weakly equivalent but not strongly equivalent. Although the
class of essentially n-normal operators is clearly left invariant by strong
equivalence, the fact that weak equivalence also preserves essential n-normal-
ity is not so obvious and will be proved at the end of the present section.

In [27] it was shown that the reducing essential » X n spectrum constitutes
a complete set of invariants, up to strong equivalence, for the class of
n-normal operators in £(3().

DEFINITION 1.4. Let T € £(3() and let C*(T) denote the C*-algebra
generated by T and 1. The reducing essential » X n spectrum of T is defined
as R}(T) = {L € 9N,,: there exists a unital +-homomorphism ¢: #[C*(T)] -
91, such that onT = L} (see [26] and [13]).

REMARK 1.5. If T is an essentially normal operator in £(J(), then it follows
from [29, §6] that R!(T) coincides with the essential spectrum of T. Also, it is
easy to show that if T and S are weakly equivalent operators, then R'(T) =
R’(S). Notice that, in general, R(T) = & for an arbitrary T in £(I(C) (see
[26, Remark 3.11]), but if T is essentially n-normal, then necessarily R (T) #
< [27, Theorem 3.5). Thus, the reducing essential » X n matricial spectrum
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constitutes a nontrivial invariant, up to weak or strong equivalence, for the
class of essentially n-normal operators in £(3C). Furthermore, it was shown in
[27, Theorem 4.4] that if T is an essentially n-normal operator in £((C), and S
is an n-normal operator on JC such that R*(S) C R(T), then T ® S ~, T.
In particular, two n-normal operators T and S are strongly equivalent if and
only if R*(T) = R}(S).

If T is an arbitrary operator in £(JC) such that R(T) = X # &, then the
following properties are easy to verify:

(*) X is a compact subset of 9N, which is invariant under unitary
conjugation in 9.

(»+) If LEX, 1<j<m, and P, is a projection in W, (selfadjoint
idempotent) such that P,L; = L,P,, j=1,2,...,m, and Z7., P; = 1, then

T PLLEX,m=12....

DEFINITION 1.6. A nonempty subset X of 9N, which satisfies conditions (*)
and (»+) will be called hypoconvex (see [30]). If Y is an arbitrary nonempty
compact subset of 9M,,, we denote by Y the smallest hypoconvex set contain-
ing Y and we call it the hypoconvex hull of Y.

LEMMA 1.7. Let T and S be two essentially n-normal operators in £(I().
Then, R(T © S) = [RXT) U R(S)I".

ProoOF. Since R(T © S) satisfies conditions () and (*+), one inclusion is
obvious. For the other inclusion, let L € R(T @ S) and suppose that L is
written on some orthonormal basis of C” as the direct sum of its irreducible
direct summands L =37, @ L;, where L, € M, , 37, n; = n. Then, for
eachj =1, ..., m, there exists a unital *-homomorphism ¢;: 7C*(T © S) -
"JIL,y, such that g;#(T © S) = L;. Since g, is an irreducible representation of
C*n(T & S)] on C?% from [17, Theorem 2.10.2] ¢; can be dilated to an
irreducible representation y;: C*(T) ® C*(S) — £(3(), for some separable
Hilbert space 3/, C% C 3(/, such that C} reduces y;4, and ;4|C* = ¢4, for
every A € C*[#(T & §)]. Since 1 ® 0 € C*[n(T)] & C*[n(S)] and y is irre-
ducible, we deduce that either 1 @ 0 or 0 ® 1 belongs to ker y;. Suppose, for
instance, that 0 @ 1 € ker y;, and let §; be the restriction of y; to C*[#(T)]
(via 1 @ 0). Then L; = @nT = (§;#T)|C% € R(T), and hence R (T) * &
[12]. It follows that 27, @ L; € [R(T) U R}(S)]"

DEFINTTION 1.8. Let X C 91, be a hypoconvex set and let EN;(X) [resp.,
EN,(X)] be the set of all strong [resp., weak] equivalence classes [T] [resp.,
[T]] of essentially n-normal operators T in £(J() such that R(T) = X.

REMARK 1.9. Given two essentially n-normal operators T and S, it readily
follows that T @ S is also essentially #n-normal. Thus, in view of Lemma 1.7,
the following abelian operations can be defined on EN;(X) and EN,(X):
[T, +[S), =[T & S], and [T] + [S]=[T & S], where T @ S has been
identified with an operator in £(J(). From the results stated in Remark 1.5, it
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follows that EN;(X) and EN,(X) are abelian semigroups whose neutral
elements consist of the strong equivalence class and weak equivalence class
containing all n-normal operators S such that R(S) = X. It is immediate
that the correspondence [T], — [T] defines a surjective homomorphism ©:
EN;(X)— EN,(X).

The classification problem for essentially n-normal operators, up to weak
equivalence [resp., strong equivalence], consists of computing EN,(X) [resp.,
EN;(X)] for every hypoconvex set X. Although we do not solve the general
problem in this paper, we present several interesting partial results, explicitly
solving the classification problem for certain hypoconvex subsets of IN,. In
§3 we shall prove that both EN;(X) and EN,(X) are actually groups, and
that ker ® C Z/nZ. Furthermore, we shall show that EN;(-) and EN,(-) are
homotopy invariant covariant functors from the category of all hypoconvex
subsets of 9N, into the category of abelian groups. An interesting corollary of
this result is that EN(®,) = EN,(®,) = {0} where B, is the closed unit
ball in 9M,,. In §4 we use the homotopy invariance of EN;(X) to show that if
o, ¥: € — M, are two continuous functions on a strongly pseudoconvex
domain @ (with smooth boundary) such that [range ¢|9$2]" = [range ¥|3Q] =
X, and ¢|0Q and ¢|0Q are in the same homotopy class of [3, X], then the
corresponding Toeplitz operators defined by ¢ and y, respectively, are
strongly equivalent (that is they are unitarily equivalent up to compact
perturbation).

Our next task is to present a direct proof that EN,;(X) and EN,(X) are not
empty for every hypoconvex X C 9. (An alternative proof, using extension
theory, will be given in §3.) We shall need the following lemma whose proof
(which we omit) can be obtained by using arguments similar to those
employed in the proof of [26, Theorem 1.1].

LemMma 1.10. Let % c £(IC) be a unital separable C*-algebra and suppose
there is a family {P,: 1 <k <m} with m < 8, of mutually orthogonal
projections in £(3C) such that T _ P, = 15 and P,B = BP,, for every B €
B, 1<k <mIf : B — M, is an irreducible representation of B on C"
such that B N K(IC) C ker ¢, then there exist n® partial isometries W, j in
R(H), 1 < i,j < n, which form a system of matrix units in £(3C) and satisfy:

(i) The projection Q = 37_, W, has infinite rank and nullity,

(ii) BQ — OB € K(IC), for every BE B,

(i) @BQ — 27, [@Bl;;W,; € (), where [@B);; denotes the (i,))th
entry of the matrix B, for every B € B,

(v) W;P, =P W, for 1 <i,j<n 1<k<m

The following theorem generalizes a theorem of Weyl [35].
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THEOREM 1.11. Let {L;} be a bounded sequence in 9N, and let S be the
(diagonal) n-normal operator defined by S = X2, @ L;. Then, R](S) coincides
with the hypoconvex hull of the set of limit points of {L;}.

ProOF. If L is a limit point of {L;}, then it readily follows from [26,
Corollary 3.7] (see also [13, Corollary 4.9]) that L € R'(S), and since R](S)
is hypoconvex one inclusion follows. In order to prove the opposite inclusion
it suffices to show that if M is an irreducible matrix in R"(S), with
1 <m < n, then there exist a sequence of isometries V;: C" —>C", j =
,2,..., and a subsequence {L,} of {L,} such that lim, . ||M —
VLV + LV, V= ViV L || = 0. Let P, be the projection from C* ® /,
=C"®C"®--- onto the kth copy of C*, k = 1,2, .... Since {P,} is an
orthogonal family of projections on C* ® /, such that 3¢_, P, =1, P,.S =
SP,, for every k =1,2,..., we can apply Lemma 1.10 to the C*-algebra
C*(S) and to the irreducible m-dimensional representation ¢: C*(S) — 9N,
determined by ¢S = M. Therefore, it follows that there exist m? partial
isometries W;; on C* ® [, 1 < i,j < m, satisfying the corresponding versions
of conditions (i)(iv) of Lemma 1.10. Let { P, } be a subsequence of { P, } such
that }",9W,,l # 0 and let ¢ be a unit vector in range WP, j =1, 2,....
Also, let fi, .. ., f,, be the standard bases for C” and let W;: C" ->C" ® [,
be the linear transformation defined by Wif, = W, ¢, 1 <i<m, j=1,
2,.... Since for each j=1,2,... the vectors W, ¢, W,¢, ..., W, &
are orthonormal, it follows that W, is an isometry such that range W, C
range P,. Just as in the proof of [26, Theorem 3.2] we deduce that
lim,, (|SW, — W;M| + |S*W, — W;M*|) =0. Now we let V' =
W}|range P, j = 1,2, .... Then it follows that lim; . (| L,V; — V;M|| +
ILgV; — V;M*|)) = 0. This completes the proof of the theorem.

COROLLARY 1.12. Let X C 9N, be hypoconvex. Then there exists an n-nor-
mal operator S such that R](S) = X, and hence EN,(X) and EN;(X) are not

empty.

ProOF. Let {L;} be a sequence dense in X whose terms are repeated
infinitely often, and let s = 272, @ L;. Then the corollary is a direct con-
sequence of Theorem 1.11.

We close this section by showing a concrete form that weak equivalence
takes on the class of essentially #n-normal operators.

THEOREM 1.13. Let T and S be two operators on I such that RX(T) # D
and R}(S) # D. Then T ~ S if and only if there exists an isometry V in £(3C)
with deficiency less than n such that V*TV — S € H(30).
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PRrOOF. Since isometries with finite deficiencies are essentially unitary (i.e.

unitary in the Calkin algebra) one half of the theorem is obvious. In order to
prove the other half suppose that there exists W in £(J() with ## unitary,
such that W*TW — S € H (). From [14] we can assume that W is a partial
isometry with finite index k. By perturbing W with a finite rank partial
isometry, we can further assume that min(dim ker W, dim ker W*) = 0, i.e.
that W is an isometry or a coisometry. We suppose now that W is a
coisometry (the proof of the case in which W is an isometry is similar and will
be omitted). Let j be a positive integer so that 0 < nj — k < n. Notice that
W*TW is unitarily equivalent to an operator that can be expressed on
[ker W*] @ [ker W*]* as0@® T.Let L, ..., L; be in RX(T). It follows that
there exists an isometry ¥, on [C* ® C/] ® I, whose range is {0} @ I(, such
that V3[(Z/., @ L) ® T}V, is unitarily equivalent to a compact perturba-
tion of S. Since (T/., @ L) ® T ~, T [27, Theorem 4.4}, it readily follows

i}

that there exists an isometry ¥ in £(J() such that V*TV — § € K (30).

THEOREM 1.14. Let T and S be in L£(IC) such that S is an essentially
n-normal operator and T is weakly equivalent to S. Then, T is also an
essentially n-normal operator.

PrOOF. From Theorem 1.13 there exists an isometry ¥ in £(9C) of de-
ficiency less than n such that V*7TV — § € ¥ (). Thus, T is unitarily
equivalent to an operator of the form Ogy @ (S;;), where 9N is a subspace of
JC of dimension less than » and (S;) is an n X n operator matrix acting on
Mt = 9N @ C*, with essentially commuting, essentially normal entries in
L(IN). Let I’ = M @ 9N c K and let W € £(I(") be any isometry such
that range W = 9. We define the unitary transformation U: N — I’
(=M & N) by U= W*|9. We then have U*W*|Iq = 1y, and WU:
N — I’ is the natural inclusion. Let F: M @ C "> @ N @ C*™ ) (=
M & (N ® C*) = I) be the isometry given by F= WU & (14, ® 1,_))
where 1,_, is the identity matrix in 9R,_,. Then, codim range F =
codim range W = dim M < n. We claim that F(S;)F* = O @ (S). In-
deed, given x € M,y € N and z € N @ C*~! we have

F(S;,))F*(x®y ® z)
=(WUS(15®1,_))S)(WU & (15®1,_))*(x Dy & 2)
=(WUS 15 @ ln—l)[(Sij)(y ® z)] =[0m@ (Sg’)](-" Sy ®2),

and our claim is established. Let G € £(9N ® C*) (= £(N) ® IN,) be the
essentially unitary operator given by G = U*WU & (154 ® 1,_,). The pre-
ceding remark shows that G(S;)G* is unitarily equivalent to Oy @ (S;) and
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hence unitarily equivalent to the operator 7. Let Z = U*WU and let R; =
ZS;Z*, 1 <i,j < n. Then the families {R;: 1 <i,j <n}and {§;: 1 <i,j <
n} are simultaneously weakly equivalent via the operator Z (notice that #Z is
unitary in 2(9)), and since each of these families consists of essentially
commuting essentially normal operators, from [10, Theorem 4.3], it follows
that these two families are simultaneously strongly equivalent, i.e. there exists
a unitary Y in £(90) such that ZS;Z* — YS;Y* € K(N), 1 <i,j<n. In
order to complete the proof of the theorem it clearly suffices to prove that the
n X n operator matrix in £(9) ® 9N, given by

(1g@(Y®1,_))(z&® (19® ln—l))(sij)
(Z® (15401, ))* (1@ (Y ®1,_))*

ZSI]Z‘ ZS]2Y‘ M ZSM Y*
YS,Z* YS,Y* - .- YS, Y*
YS,Z* YS,Y* - -- YS,Y*

has essentially commuting essentially normal entries. In order to see that the
entries are essentially normal we need only check that, for 1 <j < n, the
operators ZS,;Y* and YS;Z* are essentially normal, and this is a con-
sequence of the fact that ZS,,Z* — YS§,;Y* € X(N) and ZS,Z* — Y5, V*
€ H(9U). In order to show that the entries of the above matrix essentially
commute we use a similar argument. For instance,

ZS\\Z*YS;Y* — YS;Y*ZS,\Z* = Z8,,Z*2S;Z* — ZS;Z*Z2S5,,Z*
+ZS8,\ ZX(YS; Y* — ZS,Z*) — (Ys;v* - ZS,-jZ‘)ZS“Z‘ € H(N),
for 1 <1i,j < n. The proof of the theorem is complete.

2. The algebra C}(X). In this section we investigate some properties of
hypoconvex sets which will be needed in the next section, and which seems to
be useful for the classification problem of essentially n-normal operators.

We first introduce some terminology. Throughout, unless otherwise speci-
fied, all C*-algebras considered will be unital and separable. Given two
C*-algebras @ and B, Hom(&, %) denotes the set of all unital «-homomor-
phisms from @ into B . Given a compact Hausdorff space Z, the C*-algebra
C(Z) ® 9N, will be identified with the C*-algebra of all » X n continuous
matrix valued functions on Z. Also, given a compact subset X of I, we
denote by C3(X) [30] the C*-subalgebra of C(X) ® 91, generated by the
identity function x: X — X and the constant function 1 on X. Given a
sequence {4;} in the C*-algebra €, C*({4;}) will denote the C*-subalgebra
of @ generated by {4;} and 1. The following resembles the definition of the
Gelfand transform.
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DEFINITION 2.1. Let @ be a unital C*-algebra and let A € &. Also, let
R™"(A) = {L € 9N, there exists p € Hom(C*(4), I,,) such that p4 = L}.
Let T,: C*(4) > C3(R"(A4)) be defined as follows: given L € R"(A), let
¢, € Hom(C*(4), 91,) be the *-homomorphism determined by ¢, 4 = L.
Then, for each B € C*(A4) we define I' (B(L) = ¢, B.

REMARK 2.2. It is easy to check that I’ is a surjective *~-homomorphism, that
is a s-isomorphism if N ,enom(crw): ker ¢ = {0}. This occurs, for in-
stance, if n = 1 and 4 is normal, in which case I, coincides with the Gelfand
transform, which provides for the continuous functional calculus of C*(A4).
Our purpose is to make use of the generalized continuous functional calculus
provided by the map T', of Definition 2.1 in order to study certain properties
of the C*-algebra C3(X).

LEMMA 2.3. Let @ = B ® 9N, where B is a unital abelian C*-algebra, and
let A € &. Then T ,: C*(A) - C3(R"(A)) is a s-isomorphism. Furthermore, if
we identify A with a matrix (B;;), with entries B;; in B, 1 <i, j <n, and
Y Cc M, is defined as Y ={L € ON,,: there exists a character w of
C*({B,;)), (@B,) = L), then ¥ = R"(A).

ProoF. To prove the first assertion we need only show that
N g e Hom(c*a),x,) KeT @ = {0}. Thus, we let 4’ € C*(4), 4" # 0, and we
identify 4’ with the n X n matrix (B;;), where B;; € C*({B;;}), 1 <i,j <n.
Then, since some By, # 0 for 1 <k, / <n, we can find a character w of
C*({B,;}) such that wB;, # 0. Now, if we let L = (wB;;), it follows that
¢, A’ # 0. To prove the last statement, let L € R"(4) and write L, on some
basis of C”, as

(s2%) L = Z7_, @ L, where L, is an irreducible matrix in 9, , 7., n;
=nl<k<m

Let ,: C*(4)—> 9N, be the irreducible representation uniquely de-
termined by ;4 = L,, 1 < k < m. From [17, Theorem 2.10.2}, there exists a
dilation ¢, € Hom(C*({B;;}) ® I, IM,) of ¢, such that ¢4 = L, ® L,
for some L; € O, _,, , 1 < k < m. Furthermore, it follows that there exists a
character «, of C*({B;;}) such that ¢, (B;)) = (w.B;)), for every (B) €
C*({ B;}) ® 9,. In particular, (w,4) = L, & L;, 1 < k < m, and the proof
of the lemma is complete.

COROLLARY 2.4. (a) Let Z be a compact Hausdorff space and let f € C(Z)
® IM,,. Then C*(f) is *-isomorphic to Cy([range fT).

() If Y is a nonempty compact subset of O, then, via the inclusion map
Y 7Y, Cx(Y) is *-isomorphic to C3( ]7')

PRrOOF. It is immediate from Lemma 2.3.
In the following lemma we list some functorial properties of hypoconvexity.
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LEMMA 2.5. Let X, Y be two nonempty compact subsets of ON,.

(a) Let f € C3(X) such that range f C Y and define f*: C5(Y) — C3(X) by
Sf*th = h o f, for h € C}(Y). Then f* is a unital *-homomorphism. Further-
more, ifg € C3(Y), theng o f € Cx(X) and (g ° f)* = f*g*.

() If Y is hypoconvex, Z is a compact Hausdorff space, p €
Hom(C3(Y), C(Z) ® 9N,,) and f = px, then tange f C Y and p = f*, where
f* is defined as in (a).

(© If X and Y are hypoconvex, p: Cx(Y)— C¥(X) is a *-isomorphism and
f = px, then f is bijective, C*(f) = C3(X), ffLYosXisin Cx(Y), and
Uy =p"

PROOF. Part (a) is easy and the only thing that needs some checking in part
(b) is the fact that rangef C Y. To this end, let 2 € Z and let ¢ €
Hom(C(Y), 9,) given by gh = ph(z), h € C}(Y). On some basis of C", we
decompose ¢ in its irreducible subrepresentations ¢ = 37_, @ ¢, where
@:CHY) > M, , 1 <k <m, ZF_; m, = n. Employing [17, Theorem 2.10.2],
we deduce that for each k = 1,2, ..., m, there exists an irreducible repre-
sentation y,: C(Y) ® M, — I, that satisfies Y, h = ¢ .h ® @ h for every
h € C3(Y) and some ¢; € Hom(C(Y), M, _, ). It follows that there exists
M, € Y such that, for every h € C(Y) ® I, Y h = h(M;), 1 <k <m.In
particular, M, = xM, = ¢, x ® @.x. Since Y is hypoconvex, it follows that
ox = 271 ¢X € Y, and hence f(z) = px(z) = @x € Y. Now, the validity of
statement (b) clearly follows. In order to prove part (c) let f= px and
g = p~'x which lie in Cx(Y) and Cy(X), respectively. In order to complete
the proof of the lemma it suffices to show that g o f = x, and f ° g = x,, (We
check only the first one since the other one follows by symmetry). Let
Pixys X¥)-J = 1,2, ..., be a sequence of polynomials on the noncommuta-
tive variables x, and x¥ that converges to g. Then

Xx =pp " 'xx = pg = lim (xy,x}) = lim p(f,f*) =g - f.
Jj—o0 Jj—oo

Notice that this also proves that x, € C*(f). The proof of the lemma is
complete.

DEFINITION 2.6. For each n = 1,2, ... we denote by HC, the category of
all hypoconvex subsets of IW,,, where Hom(X, Y) = {f € C}(X): range f C
Y}, X, Y € HC,. Functions in Hom(X, Y) will be called hypoconvex.

REMARK 2.7. (a) Lemma 2.5 tells us that the correspondence X — C3(X)
defines a completely faithful contravariant functor from HC, into the cate-
gory of unital separable C*-algebras all of whose irreducible representations
are finite dimensional.

(b) Let X, Y € HC, and let f € Hom(X, Y). Also, let L, € X and let P,
be a projection in 9N, such that P, L, = L,P,, 1 < k < m, and such that
2%.1 P, = 1. Then P,f(L) = AL)P, and fE%., P L) = 2%, PSLy).
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Therefore, if X’ c X, then [f(X')T = [AX")]. Furthermore, if p is a poly-
nomial in x (or x*), then [p(X)]'= p[(X')]. On the other hand, if f*:
Cx(Y) - C3(X) is an isomorphism and (X)"= X, then [(X")]'= Y; indeed,
X)) =[fX)T=[AX)=Y=7Y.

DEFINITION 2.8. From now on we shall denote by § 9, the set of irreduc-
ible matrices in 9N,,. Given a hypoconvex X C $ 9N, we say that a compact
subset X’ of X is generating for X, if X’ consists of inequivalent matrices and
Xy=X.

THEOREM 2.9. Let X be a hypoconvex set in $N,. Then the following
statements are equivalent.

(a) There exists a generating subset X' for X.

(b) There exists a nonempty compact subset X' of X such that C¥(X) is
=-isomorphic to C(X") ® O,,.

(¢) C¥(X) is +-isomorphic to C(Z) ® I, for some compact Hausdorff space
Z. .

ProoF. To see that (a) implies (b), first notice that from Corollary 2.4(b) it
follows that Cy(X) is *-isomorphic to C}(X"). Now, from the generalized
Stone-Weierstrass theorem [17, Lemma 11.1.4] and the fact that X’ consists of
inequivalent irreducible matrices we see that C3(X") = C(X") ® 9R,. Thus,
we have proved that (a) implies (b). Since (b) implies (c) is obvious, we turn to
the proof that (c) implies (a). Suppose that p: C¥(X)—> C(Z)® I, is a
=-isomorphism and let f = px. From Lemma 2.5(b) we deduce that range f
C X and since C*(f) = C*(px) = pC¥(X) = C(Z) ® M,,, it follows that
range f consists of inequivalent matrices. Let Y = [range f]’, and let o:
Cy(X)— C3(Y) be the *-isomorphism given by o =T, p where I, is
defined as in Definition 2.1. We deduce that if we set g = ox, theng: Y - X
is bijective and g* = ¢. But, g = oxy = I;pxx = I';f = xy. Since g is bijec-
tive Xy = Xy, and hence X = Y. In particular, [range f]'= X and therefore
range fis a generating set for X. The proof of the theorem is complete.

REMARK 2.10. (2) If X is a hypoconvex subset of $ 9N,, then there exists a
canonical generating set X ~ for X. In fact, it follows from [24, Theorem 3.1]
that if ~ denotes the relation of unitary equivalence on 9,, and p,:
oM, —» M, /~ denotes the quotient map, then there exists a continuous
cross-section s: M, /~— M, of p,, ie., p, o s is the identity on M, /~ .
Thus, we simply set X~ = s o p,(X) for every hypoconvex X C 99N,

(b) For n > 2 in general there are hypoconvex subsets of 9N, with no
generating subsets for them. Indeed, this is an easy consequence of the proof
of [24, Theorem 3.2] where it is shown that there exists no continuous
cross-section of the quotient map p,: IM,, - M, /=~ , forn > 2.

(c) If X is a hypoconvex subset of 9, which does not consist only of
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irreducible matrices, then it is easy to see that C}(X) cannot be s-isomorphic
to C(Z) ® 9N, for any compact Hausdorff space Z.

We are indebted to Vern Paulsen who pointed out a mistake in an earlier
version of the above remark.

3. Extensions of C*-algebras. In this section we explain how the classifica-
tion problem for essentially n-normal operators can be rephrased in terms of
certain classification problems in the theory of C*-algebra extensions of the
ideal of compact operators on J. A similar formulation was already used in
[10] where extension theory was used to solve the classification problem for
essentially normal operators. We now recall some definitions and certain
background material that will be needed in the sequel.

For a (unital, separable) C*-algebra @ we let E(@) be the set of all unital
s-monomorphisms 7: @ - 2(I(). We say that 7 and 7 in E(&) are weakly
[resp., strongly] equivalent, and we write 7 ~ 7’[resp., 7 ~, 7] if there exists
W in £(9C), #W unitary [resp., W unitary] such that #W*(74)zW = 7'A for
every A € &. For each 7 in E(&) we denote by [7] and [7], the weak and
strong equivalence classes containing 7, respectively, and we denote by
Ext(@) and Ext’(@) the set of all weak equivalence classes and strong
equivalence classes of E(®), respectively. We define the following natural
abelian operations on Ext(€) and Ext'(&): [7] + [*'] = [t & 7] and [7], +
[7], =[r® 7], T and 7 in E(Q), where 7 ® 7: @ —» 2(I) & 2(I() has
been identified with an element of E(&) via an identification of 2(3() &
2(9C) with a C*-subalgebra of (). We shall say that r € E(&) is trivial if -
there exists 6 € Hom(&, £(3()) such that 7 = w6 and the set of all trivial
elements in E(&) will be denoted by Ey(&).

One of the most remarkable generalizations of the work of Brown, Douglas
and Fillmore [10] was the discovery ([34] and [16]) that if & is a nuclear
C*-algebra then Ext(€) and Ext'(@) form abelian groups whose identities
consist of the weak equivalence class and strong equivalence class containing
E(®), respectively (see also [3]). In [10] it was shown that for every compact
metric space X, Ext{ C(X)] = Ext[C(X)]. For this reason we shall denote by
Ext(X) either of the sets Ext{ C(X)] or Ext*[ C(X)] for a compact metric space
X. They also showed that Ext(-) is a homotopy invariant covariant functor
from the category of compact metric spaces into the category of abelian
groups, and in [31] this result was generalized to the category of quasi-diago-
nal nuclear separable C*-algebras. Given two C*-algebras @ and ¥ we shall
endow Hom(&, ¥) with the strong operator topology. Also, if § €
Hom(&@, ®) we define {,: Ext(B) — Ext(®@) and {3: Ext'(®) —» Ext’(€) by
STl =[(7° 8) ® 7o) and 7], = [(7 ° §) © 7¢),, respectively, where 7, €
E\(&). One of the corollaries of the main result in [31] is the following
homotopy theorem.
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THEOREM 3.1. Let @& and B be unital separable C*-algebras all of whose
irreducible representations are finite dimensional, and let 6: [0, 1] >
Hom(®@, ®) be a continuous function, then [0(0)], = [6(1)], and [0(O)}, =
(DY,

REMARK 3.2. The map &: Ext'(@)— Ext(&@) given by ®{r], = [r] for
T € E(®) is a surjective homomorphism but in general is not injective. Also,
® is a natural transformation from the contravariant functor Ext’(-) to the
contravariant functor Ext(-) on the category of unital separable C*-algebras.
As pointed out in [9] there is a natural action of the integers Z on Ext’(&€)
given by an([7],) = [#W*rnW],, where W has index n and #W is unitary in
2(3C), n € Z. 1t follows that ker ®, which is the weak equivalence class
containing Ey(®), is the orbit of the action a on the neutral element of
Ext’(&).

The above action a defines a surjection n: Z — ker ®. More precisely, 7
can be defined as follows: Let 7, € Ei(®) and let U™ be a unilateral shift in
£(I); then for k € Z, we let n(k) = [(wU **)1o(wU**¥)]. Since U** is
unitarily equivalent to U* @ U+ @ - - - @U™ (k-times), it readily follows
that 9 is a homomorphism.

The next result (which was announced in [30]) shows that kernel of ® can
be explicitly computed in certain cases. We are indebted to the referee of this
paper for having suggested a simplification in our original proof of the
following lemma.

LemMA 3.3. Let @ be a (unital, separable) C*-algebra.

(a) If there exists an n-dimensional irreducible representation of &, then
ker ® is a homomorphic image of Z, (= Z/nZ).

(b) If there exists a unital inclusion j: O, — @, then Z, is a homomorphic
image of ker ®. In particular, if @ = ® ® I, for some abelian C*-algebra
B, thenkerd=1Z,.

PROOF. Let 11: Z — ker ® be as in the above remark. In order to prove part
(a), it clearly suffices to show that (1) has order at most n. Thus, let
6. @ = £(9C) be a faithful unital representation so that woy(= 7,) € E(&@).
Also, let P=1— U*"U**", and let ¢: & — £(P ) be an n-dimensional
irreducible representation of @ (notice that dim(P JC) = n). It easily follows
that the map o: @ — £(J() defined by o(4) = U**(0,A)U**" + (pd) o P
is a unital faithful representation of €. Moreover,

m(1) = n(n) =[(7U *")moo(zU **")]
= [#(U 704U **" + gP)] =[70] = 0,

as desired. In order to prove (b) we first observe that if @’ is another
C*-algebra and { in Hom(®@’, @) is injective, then for every 7, in E((&), it
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follows that 74 is in E,(&"), and hence the following diagram is commutative.

ker @
n t*
Z —————kerd

where the definitions of the maps @’ and 7’ are similar to those of ¢ and 7,
respectively. The proof of the lemma is completed by applying the preceding
remark to the map { =, and the C*-algebra @' = 9N,, and observing
ker @ = Ext'(9M,) = Z, (cf. [19]).

LEMMA 3.4. Let @ be as above and let n be a positive integer. Also, let V:
Ext(@) — Ext(€@ ® 9N,,) be given by ¥[r] =[r ® 1,]. Then ¥ is an isomor-
phism.

PrOOF. Since it is obvious that ¥ is a homomorphism we prove that ¥ is
bijective by exhibiting an inverse ¥': Ext(@ ® 9N,) —» Ext(@) of ¥. Let
T € E(@ ® 9,) and let {¢;;: 1 <i,j < n} be the natural system of matrix
units in @ ® IN,,. Then, {re;: 1 <i, j < n} is a system of matrix units in
2(JC) such that 7_, 7¢;; = 1. Reasoning, for instance, as in [26, Lemma 3.1},
there exists a system of matrix units { W,;: 1 <i,j <n} in £(J() such that
7W,; = 7¢,; and the subspace J(’ = range 27, W,; has codimension less
than n in 9C. Now, let ¥ be any isometry in £(JC) such that range ¥V = 3(’.-
Let V¥, = V*W,;V, and let v € E(@ ® 9W,) be defined by 7B =
aV*rBxV, B € @ ® 9N,,. We deduce that {¥;} is a system of matrix units
in £(3C) such that 3}_, V;; = 13, and 7'¢;; = 7V, ;, 1 <i,j < n. It readily
follows that there exists a unitary transformation U: 3¢ — 3C ® C” such that
UV,,;U* is the n X n operator matrix in £(3C ® 9,,), all of whose entries are
zero except the (i, j)th entry which is 1. Via the unitary U, the *-monomor-
phism 7: @ ® M, — 2(H) can be identified with a *-monomorphism,
which we still call 7, from @ ® 9, into 2(IC) ® IM,,. We define now the
positive linear map 7: & — 2(9() as follows: For each 4 € @, we let 74 be
the 1, 1 entry of the matrix in 2(3C) ® 9, given by 7'(4 ® e, ). In view of
the above identifications, it follows that 7 is a unital *~-monomorphism, and
that

""(A ® eiJ) = ""((1 ® ei,l)(A ® el,l)(l ® eIJ))
=(1® ei,l)((‘FA) ® el,l)(l ® el.i) = (74) ® €. js

1<i,j<n, A € Q. Therefore, given (4;) in & ® IM,, we have 7'(4;) =
2,74; ®¢))=2,(74;) ® ¢; = (T ® 1 X4;), that is, 7" =7® 1,
Suppose now that 7 ® 1, ~ 7, ® 1, for some 7, in E(&). This means that
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there exists an essentially unitary W in £(3() ® 9N, such that (zWX7 ® 1,)
= (1; ® 1,)(#W). In particular, (zW)X1 ® ¢,;)) = (1 ® ¢ 7W), 1 <i,j <n.
It readily follows that there exists an essentially unitary W’ in £(3(C) such that
W=W ®1,, and (vW')7 = 7,(7W’), and hence ¥ ~ 1,. Now we define the
map ¥’ by letting ¥'[7] (= ¥[7']) = [7]. The above remarks show that ¥’ is
well defined and it is the inverse of ¥, as required.

LeMMA 3.5. Let X be a nonempty compact subset of O,,. If 1 € E(C(X) ®
9R,) and T is an operator in £(IC) such that wT = 1x, then T is essentially
n-normal and R'(T) = X. Conversely, if X is hypoconvex and T is any
essentially n-normal operator such that R!(T) = X, then there exists a t in
E(C(X) ® 9W,) such that vx = «T.

PRrROOF. In order to prove the first part of the theorem, we let 7': C(X) ®
M, = 2(H) ® 9N, and 7: C(X) — 2(I() be the unital s-monomorphisms
induced by 7, as in the proof of Lemma 3.4, where & = C(X), so that
7 =7®1, and 7' ~ 7. Also let 7’ in £(J() be such that #T" = 7'x. Then,
writing x as the n X n matrix (x;) in C(X) ® 9N, and representing T” as the
n X n matrix (T) in £(3C) ® 9N, we also have 7x; = 75T}, 1 <i,j <n.
Thus (#T}) is an n X n matrix of commuting normal entries in 2(3(), and
hence T is an essentially n-normal operator in £(3C ® C*) = £(¥) ® In,,.
Let B = C*({#T;}). Then #T" is an element of  ® M, and from Lemma
23 T,y is a s-isomorphism from C*(#7T’) onto C}(R"(#T")). Notice that
R™(#T") = RXT’) and that the hypoconvex hull of the joint essential
spectrum of T} coincides with R(T”) (cf. Lemma 2.3). Let p: C*(#T") -
C3(X) be the restriction of (1)~' to C*(#T") and let L € X. Then the map
A - pA(L), A € C*(#T") (= C*(t'x)) defines a homomorphism in
Hom(C*(#T’), 9,,) whose value at #7T” is L, and hence L € R} (T"). There-
fore X ¢ R(T") and since g‘;(X ) and C}(R](T")) are isomorphic, from
Lemma 2.5 it follows that X = R’(T’). Furthermore, from the fact that
1’ ~ 1, and Theorem 1.14, we deduce that if T is any operator in £(JC) such
that #T = 7x, then T ~ T’, so that T is essentially n-normal and R/(T)
(= RXN(T)) = X. In order to prove the second part of the theorem, suppose
that X is hypoconvex and that T is any essentially n-normal operator in £(3()
such that R*(T) = X. Also let U: 3 — 3 ® C” be a unitary transformation
such that 7% = UTU* can be identified with an n X n matrix in £(3) ® M,
whose entries T}, are essentially commuting, essentially normal operators in
£(9C). Notice that R(T) = R (T"). It follows that C*(#T") is a C*-subalge-
bra of C*({#T;}) ® IM,,. Let Y C I, be the joint essential spectrum of T},
1 < i,j < n. Then, via the Gelfand transform(cf. Lemma 2.3), C(Y) is *-isomor-
phic with C({T}}}) and hence I';;} extends to a -isomorphism p: a(Y) ® 9,
- C({7T;}) ® 9M,,. We know, from Lemma 2.3, that Y C X and Y = X, so
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that the inclusion map Y — X induces a homomorphism 8: C(X) ® M, —
C(Y) ® 9, whose restriction to C}(X), which we denote by J, is a
s-isomorphism onto C}(Y) such that §x = x. Given a trivial extension 7, in
Ey(C(X) ® 9W,), let 7, be the restriction of 7, to C3(X), and let 7" =p o § B
7o- Then 7/ € E(C(X) ® IM,,) and 7'/ CE(X) =p > T @ 7,. Sincep o T D 7,
~, p ° J, there exists a unitary ¥ in £(IC) such that #V*(p o Tx ® 7 )7V
=po Jx=aT’, so that if we define 7 in E(C(X)® 9W,) by 74 =
qU*V*1'A7VU we obtain an extension of C(X)® 9N, with the required
properties.

Employing arguments similar to those given in the above proof we can
obtain the following corollary, which gives an alternative proof of Corollary
1.12.

COROLLARY 3.6. Let X be a hypoconvex subset of 9W,. Then there exists a
Jaithful unital representation p: C{(X)—> £(3C), such that p[C3(X)] N H(I()
= {0}, px is n-normal and R"(px) = R(px) = X. Indeed, p can be taken to be
the restriction to C3(X) of any faithful unital representation o: C(X) ® 9, —»
£(3C), such that 6(C(X) ® IM,) N K(IC) = {0}. On the other hand, if S is an
n-normal operator in £(3C) such that R*(S) = R}(S) = X, then there exists
a unital faithful representation o: C(S) ® M, — L£(I) such that o(C(X) ®
M,) N K(IH) = {0, and ox = S.

ReMARK 3.7. Given a hypoconvex subset X of 9, let =,: Ext(C(X) ®
M,) > Ext(C¥(X)), and Z: Ext{(C(X) ® M) > Ext’(C3(X)) be the maps
induced by restricting the elements of E(C(X) ® 9W,) to the C*-subalgebra
C3(X). In view of Lemma 3.5 it follows that [7] € range =, if and only if
there exists [T] in EN,(X) such that #T = 7x (a similar statement holds for
EN;(X) and E3). Let »: range =, — EN,(X), p: range £ — EN;(X) be the
maps defined by »[7] = [T], p[r], = [T], where #T = rx. From the above
observation, it follows that » and p are well-defined isomorphisms. Following
[30], we denote by Ext}(X), the subgroup range = of Ext(C3(X)).

The original proof of the following theorem, which was announced in [30],
was based on the dilation method of [2] and the main result of [1]. Presently,
it is an immediate consequence of the above remark and the fact that
Ext(C(X) ® 91,) and Ext'(C(X) ® 9N,,) are groups [see [11]).

THEOREM 3.8. Let X be a hypoconvex subset of ON,. Then EN,(X) and
EN;(S) are groups. Furthermore, the map B, = v o Z, oy (Y is as in Lemma
3.4) is a surjective homomorphism from Ext(X) to EN,(X).

The following theorem can be used to effectively compute EN,(X) for an
important class of hypoconvex sets.
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THEOREM 3.9. Let X be a hypoconvex subset of $N,. If X has a generating
subset Y, then there exists a natural isomorphism \: Ext(Y) — EN,(X), and the
kernel of the map 0: EN;(X)— EN,(X) coincides with Z,.

Proor. We first Ashow that range Z, = Ext(C}(X)) and range Z} =
Ext’(C3(X)). Since Y = X, as in the proof of Lemma 3.5, the inclusion map
Y - X induces a s-homomorphism 8: C(X) ® 9, - C(Y) ® 9N, whose
restriction to C3(X), which we denote by ¢, is a s-isomorphism onto C3(Y).
From Theorem 2.9 we know that C3(Y) = C(Y) ® 9, and we deduce that
the following diagrams are commutative:

X

Ext(C(X)® 9m,) - Ext(CiX))
1‘0. T{.
Ext(C(Y) ® 9n,) =2 Ext(C3(Y))

;‘J

Ext'(C(X) ® 9N, Ext’(C2(X))
1o; 18

Ext'(C(Y) ® 9n,) 2 Ext’(C3(X))
Since {, and {; are isomorphisms, the map =, and Z are onto and our
claim is established. In particular, the map » (introduced in Remark 3.7) is an
isomorphism from Ext(C3(X)) = Ext;(X) onto EN,(X). LetA=» o {, o ¥,
where ¥ is as in Lemma 3.4. Then A is an isomorphism from Ext(Y) onto
EN,(X). Now the proof of the theorem is completed by using Lemma 3.3,
and observing that the following diagram is commutative:
Ext(C(Y)® M,) 5 ExtCHX) 5 EN:(X)
le le le
Ext(C(Y) ® 9R,) 3 ExtCHX) > EN,(X)

ReEMARK 3.10. The above theorem allows us to apply the machinery
developed in [11] and [22]. In particular, if Y is homotopically equivalent to a
subset of the plane, then EN,(X) is isomorphic to the first cohomology group
of Y, and if Y is homotopically equivalent to a subset of C?, then EN,(X) is
isomorphic to the direct sum of the first Steenrod homology group of Y with
the third Steenrod homology group of Y.

DEeFINITION 3.11. Given T in £(J() suppose that N ,epomcoen),x,) KET @
= {0}. For each f € C§[R(T)] we define f(zT) = T, where T, is de-
fined as in Definition 2.1 (note that we then have the spectral mapping
formula: R*[f(#T)} = (fIRI(T)])). Also, given a nonempty compact subset
X of 9, we denote by IT3(X) the set of all homotopy classes of invertible
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elements in C$(X) (notice that IT}(X) has a natural group structure since it is
isomorphic to the index group of C3(X) [19, Chapter 2]). Furthermore, let
: EN,(X) - Hom(II}(X), Z) be the homomorphism given by (i, [TD[f] =
ind f(#T), for every [ f] € II}(X), [T] € EN,(X) [30].

THEOREM 3.12. Let X be a hypoconvex subset of $ W, and suppose that X
has a generating subset Y which is homotopically equivalent to a compact subset
of C. Then, i is an isomorphism. In particular, if {[f); j=1,2,...}isa
system of generators for IL(X), then two essentially n-normal operators T, and
T, in £(3) such that R)(T)) = X are weakly equivalent if and only if
ind f(#T,) = ind f(#T) forj=1,2,....

PROOF. As in Theorem 3.9 we observe that Ext C}(X) = Ext}(X), so that »
is an isomorphism from Ext C}(X) — EN,(X) and if we define the homo-
morphism «: Ext C3(X) - Hom(I[;(X), Z) by «[7][f] = ind 1f where f is an
invertible element of C3(X), then the following diagram is easily seen to be
commutative:

EN,,(X)

X
14
Ext CX(X) —— Hom(I1(X), Z)

Again, as in the proof of Theorem 3.9, we let {: C¥(X) — C3(Y) (= C(Y) ®
91,) be the s-isomorphism induced by the inclusion Y — X. Therefore,
induces an isomorphism §: TI(X) > II(Y) so that, by duality, we have an
isomorphism {*: Hom(II}(Y), Z) - Hom(II}(X), Z). As II}(Y) is the index
group of C(Y) ® 9M,,, it can be naturally identified with the set [Y, UU,] of
homotopy classes from Y into the unitary group U, in 9W,. Since Y is
homotopically equivalent to a subset of the plane, we can use a standard
argument with the homotopy sequence of the fibration U, — U, ,, — S*+!
(where S%**! is the 2k + Ist sphere) (see [32, Chapter 7, §2], [4, p. 239], [6,
§1]), to show that the mapj: [Y, U] (= II'(Y)) = [Y, U,] given by

NN

for [f] €[Y, %,] is an isomorphism. The proof of the theorem is completed
by observing that the following diagram is commutative:

Ext(Y) % E(c(Y)®M,) 5 ExtCiX)

vy L« I
Hom(ITI(Y), Z) < Hom(IT;(Y), Z) ; Hom(IT3(X ), Z)

where v, is the isomorphism of [10, Theorem 10.5].
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REMARK 3.13. Even when X is a hypoconvex subset of § O, the map ¢,
may not be injective. Indeed, let Z be a compact subset of C> homeomorphic
to the real projective plane, such that |A;| > |A,| for every (A}, Ay € Z. Let
Y C 9, defined by

Y= {(2‘ ;2): A, A) EZ }

Then any two different matrices of Y are inequivalent and irreducible and
hence Y is a generating set for X = Y. From Theorem 3.9 and [19], it follows
that EN,(X) = Ext(Y) = Z,, and hence kernel ¢, = EN,(X) = Z, # {0}
(notice that Hom(IL; (X), Z) is torsion free).

Our next objective is to prove the homotopy invariance of EN,(-) and
EN;(-). We start with the following lemma whose proof is elementary and
will be omitted.

Lemma 3.14. Let X, Y € HC,. 6: [0, 1] > Hom(C}(Y), C¥(X)) is a con-
tinuous function, and if we define h: [0, 1] -» Hom(X, Y) by h(?) = [8(D]x, then
h is a continuous function, where Hom(X, Y) is endowed with the topology of
uniform convergence (i.e. the topology inherited by that of C¥(X)). Conversely,
if h: [0, 11> Hom(X, Y) is a continuous function, then the function 8: [0, 1] -
Hom(C((Y), C5(X)) defined by 6(t) = h()*, t €0, 1], is also continuous.

DeFINITION 3.15. Given f € Hom(X, Y) we denote by f;: ENj(X)—>
EN;(Y), and by f,: EN,(X) > EN,(Y), the maps given by f[T], = [S}], and
fu[T]=[S}}, where S; is any operator in £(J() such that #S; = f(=T).

REMARK 3.16. It is easy to check that the maps f; and f, are well defined.
On the other hand, since for each f € Hom(X, Y), X, Y € HC,, the follow-
ing diagrams commute:

-

ExtS(C(X)® N,,) ———> Ext*(CE(D)

| |

Ext*(C(Y) ® M,,) —=— Ext(C}(¥)
=Y

Ext(COD®M,) —— Ext(C}(X))

(f*)* l l (f*)*
Ext(C(Y))

Ext(C(Y) ®M,,

ot
-

=X
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we deduce that the following diagrams are also commutative:

u

range =, — EN;(X) range =, 2 EN,(X)
ERREr
range =% = EN3(Y) rangeZy —— EN,(X)

The above observations show that EN;(-) and EN,(-) have functorial proper-
ties. Indeed, we have the following theorem.

THEOREM 3.17. EN;(-) and EN,(-) are homotopy invariant covariant functors
from the category HC, into the category of abelian groups. In particular, if
X,Y € HC,, and h: [0, 1] - Hom(X, Y) is a continuous function, then h(0),
= h(1),, and h(0), = h(1),. '

PrROOF. We only prove the theorem for the functor EN;(-) since the proof
for EN,(-) is similar. For X, Y, h as in the statement of the theorem and for
t € [0, 1], we see that the following diagrams are commutative:

-

Ext(CCO®IM,,) ——> Ext*(C}(X))

(@)% 1 l(h(t)*)i

Ext*(C(Y) ®9M,,) —— Ext’(C}(Y))
=X

range =5, ——E—— EN3(X)

(h(t)*)il lh(t)i
E— v (1)

=8
range =%

From Theorem 3.1 and Lemma 3.14 we conclude that (A(0)*), = (A(1)*),
and hence that 2(0), = h(1);, as desired.

COROLLARY 3.18. Let B, be the unit ball in W, then EN:(®,) = EN(B,)
= {0}. In particular, if T is an essentially n-normal operator in £(IC) such that
R(T) = B, then T is a compact perturbation of n-normal operator S in £(3C)
such that R}(S) = ®,,.
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PROOF. Let h: [0, 1] > Hom(%®,, B,) be given by h(f) = tx, where ¢t €
[0, 1] and x is the identity function on %,. Then h(l) is the identity on
EN;(®,) while h(0);, is the zero homomorphism.

Our final task in this section is to present a partial answer to a question
raised in [30].

REMARK 3.19. It is well known that if every irreducible representation of
C*(T) is at most n-dimensional, then the operator T can be expressed as
T=3%.,D T, where T, is a k-normal and some summands might be
missing (cf. [12]). In particular, if C*(T) is n-homogeneous, ie. if every
irreducible representation of C*(T) is n-dimensional, then T must be n-nor-
mal. For n > 2, it is not known (and likely to be false) whether the Calkin
algebra version of the last fact holds. The following theorem shows that for
n < 2 this question has a positive answer.

THEOREM 3.20. If every irreducible representation w(C*(T)) is 2-dimensional,
then the operator T is essentially binormal.

Proor. It readily follows that if every irreducible representation of
7(C*(T)) is at most 2-dimensional, then the map I, : C*(#T) — C(R X(#T))
(cf. Definition 2.1) is an isomorphism. Now let 7 = (T,;)~}, and let X =
R*(#T) (= RX(T)). Since, by hypothesis, every irreducible representation of
7(C*(T)) (and hence of Cg(X)) is 2 dimensional, we deduce that X is a
hypoconvex subset of § 9I,. From Remark 2.10 we then see that there exists
a generating set for X. As we remarked previously, the inclusion map ¥ —» X
induces a s-isomorphism {: C3(X)— Cx(Y) and a s-homomorphism 9:
C(X) ® M, - C(Y) ® IM,. Therefore, the following diagram is commuta-
tive:

8,

C(Y)x9dM,, S C(X)xm,
(id), | VEx

G(Y) 2 Cx(X)

Since (id), and {, are isomorphisms, it follows that =, is surjective. In
particular, if 7 is as above, then [7] € range of Z,, and hence T is essentially
binormal.

4. Toeplitz operators on strongly pseudoconvex domains. In this section we
apply the results of preceding ones to obtain a homotopic property of
Toeplitz operators with matricial continuous symbols on strongly pseudocon-
vex domains. We start by proving some few facts concerning the C*-algebra
generated by the set of Toeplitz operators. Our presentation follows the
pattern of [15].
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In what follows, £ will denote a strongly pseudoconvex domain (also called
strictly Levi-pseudoconvex, cf. [20]) in C™ with smooth boundary. L%() will
denote the Hilbert space of all complex valued square integrable functions on
Q with respect to Lebesgue measure, and H*2) will denote the subspace of
all holomorphic functions in L*2). We shall denote by P: L¥(Q) - H*(R) the
(orthogonal) projection onto H*(2), and k(z, w), (z, w) € & X & (the Berg-
man kernel [5]) will denote the reproducing kernel of H*(2). We recall that
for each weE Q, k(-,w) € HYQ) and for every f € L R), Pf(z) =
Jg k(z, w)f(w)dw. In particular, k(z,w)= 27, g(2)g(w), where {g,j=
1,2, ...} is an orthonormal basis for H*(2). From [23] it follows that k(z, w)
is a C* function up to the boundary of € X @, except for the diagonal
{(z, w) € 92 X 3R: z = w}. Also, for z €, k(z,2) > 0, and lim,_,, k(z, z)
= oo for every z, € 3Q (see [7]).

DEFINITION 4.1 (SEE [33]). Given ¢ € C(Q), we denote by M, the operator
on L*Q) defined by multiplication by ¢, and by T, the operator on H*(Q)
defined by T,f = Pgf = PM,f, f € HXQ). Also, the norm closed subalgebra
of £(L*(Q)) generated by all the operators T,,, ¢ € C({2), will be denoted by
T(Q).

LeMMa 4.2. Let ¢ € C(Q).
(a) PM,, — M_P is compact on L*(R).
(®) T, is compact on H*(Q) if and only if ¢|3Q = 0.

PrOOF. Statement (a) was proved in [33, Theorem 2.1] for the case that
@ € C>(Q). Since these functions are dense in C(2) and K (LXQ)) is closed,
the validity of part (a) follows. Furthermore, in [33, Theorem 2.3] it was
shown that if |32 = 0 and ¢ € C*(%), then T, is compact. Thus one half of
part (b) follows using the same argument employed previously. For the other
half of part (b), suppose that T, is compact for some ¢ € C(®). Let z, be an
arbitrary point in 8%, let {2;} be a sequence in { that converges to z,, and let
S be the function in H %R) defined by f(2) = k(z, z)/[k(z; zj)]'/ 2 j=
1,2,..., z€Q. It readily follows, using the fact that k is a reproducing
kernel, that || f|| = 1 forj = 1,2,.... Also, from [23] we see that for every
open neighborhood w of zg, f; € C*(R \ w) and converges uniformly to zero
on £ \ w. Therefore,

lim ([T, - 9G] fI? < lim [ |p(w) — @(zo)L(w)Paw = 0.
j—oo j—oo JQ

On the other hand, using again the fact that k is a reproducing kernel, we see
that for every bounded f € H*(Q),

lim <f,5> = lim (z)/[k(z, 2)]"* = 0

and hence lim,; . {(f, f> =0 for every f € H %(Q). Here we have used the

J—>0
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standard fact that H °(Q) is dense in H*(R). Thus, { f;} converges weakly to
zero, and since T, is compact, we see that lim; || 7.f|l = 0. We conclude
that

lp(zo)l < lim {I[T, — o(z0) J 51l + I Tefll} =0

as desired.

REMARK 4.3. Reasoning just as in [15, Lemma 1] it follows that () is an
irreducible C*-algebra on H*(2), and since it clearly contains nonzero com-
pact operators, we see that H[H*(R)] c T(Q). Let ¢ € C(0R) and let ¢° €
C(R) be any continuous extension of ¢. It follows from Lemma 4.2 that the
element 770 in 2[H 2(Q)] is independent of the choice of the extension ¢° of
?.

LemMma 44. Let 7: C(0R) - 2[HX(Q)] be defined by 19 = 7T, ¢ € C(39).
Then v € E[C(3R)] (i.e., T is a unital *-monomorphism).

PROOF. In view of Lemma 4.2(b) we need only check that 7 is a homomor-
phism. Let @, ¢y € C(32). Then,
(rp)(1Y) = ('n'Tq,o)('er,,p) = aT Ty
= 7( Ty — PM(1 — P)Mp|H*(Q)) = 7T 0 = 7(q¥),
where we have used Lemma 4.2(a).

DEFINTTION 4.5. Let 3 = H%() ® C" and let P, =P ® 1,, where 1, is the
identity matrix in 9W,. Given @ € C(Q) ® I, define T, on I} by T x =
P,px, x € J. Also, let ,(R) be the norm closed subalgebra of £(IC)
generated by T, for ¢ € C(32) ® IN,,.

REMARK 4.6. An easy verification shows that J,(2) can be identified with
J(Q2) ® IM,,. On the other hand, from Lemma 44, it follows that the
sequence

0> K[HY Q)] - T(2) —» C(32) >0

is exact. Since tensoring by 9R,, preserves exactness and H[H?*(Q)] ® I,
can be naturally identified with ¥ (IC), we deduce that the following
sequence is also exact
0 - () - 7,(R) - C(3Q) @ IM,, - 0.

As in Remark 4.3, given ¢ € C(32) ® 9N, we denote by ¢° any continuous
extension of ¢ to .

The following corollary is a consequence of Lemma 4.4 and the above
remark.

COROLLARY 4.7. Let 1,: C(3Q) ® M, — 2(H) given by 7,9 = 7T, @ €
C(32) @ O,,. Then 1, € E[C(3R) ® I,,). In fact, 7, = 7 ® 1, where 7 is as
in Lemma 4.4.
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With the above result we are finished with the preliminary material needed
for the application of the previous sections.

THEOREM 4.8. Let @, ¢ € C(0Q) ® I, and suppose that X € HC, and that
range ¢ C X, range ¢ C X. Furthermore, assume that there exist a continuous
Sunction h: [0, 1] - C(3R) ® I, h(0) = @, h(1) = Y, and range h(t) C X for
every 0 <t < 1. Then, for every n-normal operator S in £(IC) such that
R}(S) =X, we have Tpo ® S ~, Tpp ® S. Moreover, if [range ¢]"=
[range YJ'= X, it follows that T ~, Ty, i.e. there exists a unitary U in £(3()
such that U‘TvoU - TIP" € %(%).

PROOF. Let ¢*: C3(X) —» C(392) ® I, defined by ¢*f = f @, f € C3(X).
Furthermore, let 8: [0, 1] - Hom(C}(X), C(3Q) ® 9N,,) be defined by 8(7) =
h()*, 0 <t < 1. Then it readily follows that # is a continuous function,
0(0) = @* and (1) = y*. Since every irreducible representation of C¥(X)
and C(02) ® 9N, is at most n-dimensional (see [17, Chapter 3]), from
Theorem 3.1 we deduce that 6(0), = 6(1);. In particular, (¢*)[7,], =
(¥*),[7,],- This means that for 6 € E(C(X) ® 9IN,), there exists a unitary U
in £(9C) such that

7U*[1,(f° @) ® of ]7U = 7,(f > ¢) D of, foreveryf € C3(X). (¥)
Since 7, € E[C(3Q) ®@ 9N, ], the restriction of 7, to C*(¢p) defines a s-isomor-
phism from C*(¢) onto C*(7T0). From Corollary 2.4 it follows that R;(T0)
= [range Yy]'C X. Let S in £(IC) be an n-normal operator such that 7S = ox
(see Corollary 3.6). Then, it follows that R(S) = X and, applying (}) for
f=x we obtain: UN(To® S)YU—-Tp®S € HK(I). Now, if [range p] =
[range Y] = X, then, as noted previously, R'(T0) = R;(T}0) = X. Therefore,
from the results mentioned in Remark 1.5 (see [27]) we conclude that
Two ~ T¢° eSS ~ T,I,o, as required.

REMARK 4.9. (a) The converse of the last part of Theorem 4.8 is false in
general (at least in lower dimensions). What is too strong is the homotopy
condition, because the condition about the ranges of ¢ and ¢ is a necessary
one. Let X be a “figure 87, i.e.

X={A€CPA-1l=1Ju{AeCA+1 =1}
Let ¢ and ¢ be the complex valued continuous functions on the unit circle S!
defined by
1+ 2% arg A| < 7/2,
o) = { A <o/
—1—=A% =/2< |arg]| < m;

—1—2A% J|argA| < 7/2,

A) =
v [l+)\2, 7/2 < |arg A| < 7.
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Then, if o(f) denotes the winding number of an invertible function f €
C(S") about the origin, we have (¢ — ) =y — ) =w(p + 1) = (Y +
1) = 1. Since range ¢ = range ¢ = X, and T, and T, are essentially normal
operators, it follows that the essential spectra of T, and T, coincide with X,
and ind(7T,, — A) = ind(T,, — M), for every A & X. Therefore, from [10, Theo-
rem 11.1] T, ~, T,,. However, ¢ and ¢ are not in the same homotopy class of
the fundamental group 7,(X), because this is a free group on two generators,
and [¢] and [¢] represent two different reduced words. It would be interesting
to find out whether the phenomenon presented here is due to the noncom-
mutativity of the fundamental group of X.

(b) Let g and ¢ € C(S") ® I, given by o) = G 1), v = G D, A € S°.
T, and T, are compact perturbations of (§~ }») and (§* %), respectively,
where U™ is a simple unilateral shift. Let Y C 9%, be the set of all matrices
of the form Y ={(}%), M =1, 1<a<2}. Then [rangeg]'C ¥ and
[range yI'C Y. If S is any binormal operator such that R(S) = ¥ (which
can be obtained by using Corollary 1.12), then, from Theorem 4.8, (" },.) ®
S is strongly equivalent to (¥ %.) ® S. The idea of this example was
suggested to us by Vern Paulsen, who proved that (Y* 2.) ® S is weakly
equivalent to (Y %..) @ S employing the invariant that he introduced in [25]
and the classification of essentially normal operators discovered by Brown,
Douglas and Fillmore [10, Theorem 11.1].

DEFINITION 4.10. Let X be a hypoconvex subset of 9N, and let L € X. Let
§.: IL(X, L) > EN,(X) be the map given by &,[¢] = [T,0 @ S], where S is
some n-normal operator in £(JC) such that R’(S) = X. Hereafter, IT (X, L)
denotes the (2m — 1)th homotopy group of X with base point L [32, Chapter
7, §2]. In the following theorem we see that {, resembles the Hurewicz
homomorphism [32, Chapter 7, §4].

THEOREM 4.11. Let B,, be the closed unit ball in C™. If 1, € E[C(3B,,) ®
9M,), and v: range =y — EN,(X) are defined as in Corollary 4.7 and Remark
3.7, then £, [@] = (v © (@*) I 7,), for every [¢] € I, (X, L). Furthermore, §,, is
a group homomorphism.

PRrROOF. Since the first part of the theorem follows immediately from the
definitions of the maps involved, we shall be concerned with the second half.
Let Z, = 3B,, = Z,, let Z be the disjoint union of Z, and Z, with the base
point identified, and let g: 3B,, — Z be the map that collapses the equator of
0B,, to the base point. Let [¢] € IT, (X, L), define ¢: Z — X such that
®|Z; = ¢;,j = 1, 2. Then the product of [¢,] and [¢,] in IL,(X, L) is defined
as [¢,] © [@,] = [¢ © g] (recall that this operation is abelian for m > 1, cf. [32,
Chapter 7, §2]). Let i: Z,— Z be the canonical inclusion maps and let
B(a, b) =i, a + iy, b, a € Ext(Z)), b € Ex(Z,). From [10, Corollary 6.2] it
follows that 8 is an isomorphism. A right inverse for B is easily seen to be the
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map (ry,, rp,) Where r;: Z — Z, is the retraction obtained by collapsing Z,_;
to the base point, j = 1, 2. Now notice that r,g: 9B,, — 9B,, is homotopic to
the identity map, so that ((ry,, r2,) ° 8[7.] = ((r; © &), (72 ° 8),)[7.] = (7.},
[7,D. On the other hand,

(@%)s o B=(9")y ° (i1 + i)
= (@ i)*)s + (9 °)*)s = (9})s + (3)s-
Therefore,
L([e]e[e) = Up2)9)[7] = (¥, 2.)[7]
= (v ° (@*)sB(r1a 724) © 82)[ 7]

= (@DJ)[7] + (v ° (@) 7]
=&, 0] + L[ 92]

The proof of the theorem is complete.

ReEMARK 4.12. From Corollary 4.7 it follows that if ¢ is invertible in
C(3R2) ® 9N, then T, is a Fredholm operator in £(J(). In [33] it was shown
thatif @ = B,, and m < n, then ind T o = (—1/(n — 1)!) deg ¢, where deg ¢
denotes the degree of ¢ and ¢: 9B,, — 9B, is obtained by deforming first the
continuous n X n matrix valued function ¢ to one of the form (§’ ‘l).-..)’ where
¢’ € C(3B,,) ® 9, and then defining ¢(z) = @1(z)/|¢p.(2)|, where @}(2) is
the first column of the matrix ¢’(z), z € 0B,,. This deformation can be
performed by using the standard argument with the homotopy sequence of
the fibration U, — A, ,, > 0B, .1, k =m,m + 1,..., as mentioned in the
proof of Theorem 3.17 (see also [4, p. 239)).

DEfFINITION 4.13. For m < n, X € HC,, let §,: II (X, L) —
Hom(II}(X), Z)be the homomorphism given by

8.[9)([S]) = -1/ (m — D1)deg(F > 9).

THEOREM 4.14. Let m < n, X € HC,; then the following diagram is com-

mutative:

EN,,(X) —%— Hom(I"(X), 2).

]sm /
I, (X, L)

ProOOF. By using the fact that an n-normal operator is quasidiagonal (see
for instance [27, Theorem 3.4]), it is easy to see that if S is a Fredholm
n-normal operator in £(J(), then its index is zero. Now let [¢] € I1,(X, L)
and let [f] € IT;(X). Then, employing [33, Theorem 1.5] we deduce that for
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every [¢] € IL,(X, L), [f] € IT%(X), we have
(& > £ DI f] = (x(@*)u[7])[ f] = nd((7T,s. ) @ mof )
= ind(Ty0, () = (= 1/ (m = 1)!)deg( = 1) = (8.[9])[ ],

where ¢ € Hom(C3(X), £(30)) and [¢C}(X)] N H(IC) = {0}. The proof of
the theorem is complete.

REMARK 4.15. As pointed out already in Remark 4.9(a), the map £, is not
always injective. On the other hand, from Theorem 4.14 it can be deduced
that £, is not always surjective. Indeed, this is the case when X is the subset of
R? which is the closure of

{(x, Jsin(7/x)]): 0 <x < 1} U {(x, —sin7x), 0 < x < 1}.

It is reasonable to expect that, for n > 1 and some suitable notion for higher
order connectivity of a hypoconvex subset X in 9R,, the map £, be an
isomorphism. More generally, we believe, that at least in the case in which X
is arcwise connected and EN,(X) = EN;(X), the knowledge of II, (X),
1 < m < n, will provide enough information about the hypoconvex set X in
9N, so that EN,(X) can be effectively computed for n > 1. To this end, the
problems to be considered are the following:

@) Is N jcpmen ker §, = {0}?

(b) Given any [T] € EN, (X), does there exist a function ¢ €
C(3B,) ® 9, for 1 < m < n, and an n-normal operator S in £(I() with
R(S) = X,such that T~ T o ® S?
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